Abstract Type-2 fuzzy sets have come to play an increasingly important role in both applications and in the general theory of fuzzy sets. The basis of type-2 fuzzy sets is a certain algebra of truth values, as set forth by Zadeh. This paper is a survey of results about this algebra, along with some new material.
The algebra M is a rather complicated object. However, it is entirely appropriate for generalizations of type-1 and interval-valued fuzzy sets, and has been investigated in many papers. This paper is a survey of some of the results of these investigations, along with a few new results. The material here is drawn heavily from the papers [2] , [3] , [4] , [5] , [19] , [20] , [21] , [22] .
Type-1 Fuzzy Sets
The fundamental object for a \fuzzy set theory" is a algebra of truth values. and the nullary operations (0; 0) and (1; 1). This algebra is a bounded distributive lattice with an involution 0 that satis es De Morgan's laws. It is not a Kleene algebra.
Type-2 Fuzzy Sets
The algebra of truth values for fuzzy sets of type-2 is much more complicated than those for type-1 and interval-valued ones. The basic set is that of all mappings of [0; 1] into [0; 1], and the operations are certain convolutions of operations on [0; 1], as in the following de nition.
De nition 1 On
The algebra of truth values for type-2 fuzzy sets is
A fuzzy subset of type-2 of a set S is a mapping f :
, and operations on the set F 2 (S) of all such fuzzy subsets are given pointwise from the operations in M. Thus we have the algebra
of fuzzy subsets of type-2 of the set S. From the above, it is not clear at all exactly how type-2 generalizes type-1 and interval-valued fuzzy sets. At least, the algebras of truth values of type-1 and of interval-valued fuzzy sets should be subalgebras of M. Actually, more is true as we shall see.
Determining the properties of the algebra M is a bit tedious, but is helped by introducing the auxiliary operations in the de nition following.
Note that f L is pointwise the smallest monotone increasing function larger than f , and similarly, that f R is pointwise the smallest monotone decreasing function larger than f . The point of this de nition is that the operations t and u in M can be expressed in terms these auxiliary operations and of the pointwise max and min of functions, as follows.
Theorem 1
The following hold for all f; g 2 M.
R^gR Using these auxiliary operations, it is fairly routine to verify the following properties of the algebra M.
Notice that this list does not include the absorption laws or distributive laws. In particular, the algebra M is not a lattice. The properties of this algebra are investigated in detail in [19] .
The following problems seem of some interest.
Problem 1 Does M satisfy any equation not a consequence of these equations? That is, are these equations an equational base for the variety generated by M?
Problem 2 Is the variety generated by M generated by a nite algebra?
The answers to this last problem are \yes" for I and I [2] . The algebra M contains copies of I and I [2] , which are Kleene and De Morgan algebras, respectively. We indicate that now. For a 2 [0; 1], let a denote the characteristic function of fag, that is, a (a) = 1 and a (b) = 0 for b 6 = a. The map I ! M : a 7 ! a is a monomorphism. Observe, for example, that a u b = a^b, and a t b = a _ b. Thus the image of this map is a subalgebra of M isomorphic to I. We will identify I with its image and say I M. Note also that I I [2] . The map
is also a monomorphism, and identifying both I and I [2] with their images, we have I I [2] M We are saying more than that fuzzy sets are special cases of interval-valued sets and of type-2 sets, and that interval-valued ones are special cases of type-2 fuzzy sets. The inclusions are as subalgebras. But signi cantly more is true, as will be pointed out in the next section.
Automorphisms
The algebras I and I [2] are subalgebras of M. One aim of this section is to point out that they are characteristic subalgebras of M. This means that automorphisms of M induce automorphisms of these subalgebras, so that they are very special subalgebras. Intuitively, M contains no subalgebra isomorphic to I sitting in M in the same way, and similarly for I [2] .
De nition 3 An automorphism of an algebra is a one-to-one map of the algebra onto itself that preserves the operations.
Here we will limit ourselves to automorphisms of the algebra M = [0; 1]
[0;1] ; t; u; 0; 1 , that is, to the algebra M without the negation operation . Similarly, I and I [2] will denote the algebras I and I [2] without the negations. It turns out to be technically advantageous to leave o the negation operation in the initial investigation of the automorphisms of M. Thus the automorphisms of M are the one-to-one maps ' of [0; 1]
The automorphisms of any algebra A form a group Aut(A) under composition of maps. It is easy to see that the automorphisms of I are the strictly monotone increasing maps of [0; 1] onto itself. In [3] , it is shown that the automorphisms of I [2] are of the form (a; b) ! ('(a); '(b)), where ' is an automorphism of I.
We want to determine the group of automorphisms of M. Two basic automorphisms of M arise from an automorphism of I. For 2 Aut(I), and It turns out [21] that all the automorphisms of M are of the form L R . and that Aut(M) Aut(I) Aut(I). We also get the following theorems.
Theorem 2
The algebras I and I [2] are characteristic subalgebras of M [20] .
Since I and I [2] are subalgebras of M, it also follows that Theorem 3 The algebras I and I [2] are characteristic subalgebras of M.
These facts have been determined by identifying the join irreducibles and the meet irreducibles of M and of some of its subalgebras [20, 21] . Join irreducibles are those elements f such that f = g t h implies that f = g or f = h. Meet irreducibles are those f such that f = g u h implies that f = g or that f = h. Irreducible elements are those that are both join and meet irreducible. Identifying these various irreducibles requires quite detailed calculations. They are important in the study of automorphisms since they are carried onto themselves by every automorphism.
The upshot is that type-2 fuzzy sets, as de ned by Zadeh in [26] , are, in a strong mathematical sense, an appropriate generalization of type-1 and of interval-valued fuzzy sets. The algebra of fuzzy truth values of type-2 fuzzy sets contains as characteristic subalgebras the truth values algebras of type-1 and of interval-valued fuzzy sets.
Some Subalgebras of M
The algebra M has a number of quite special subalgebras besides the copies of I and I [2] it contains. Some of these subalgebras could possibly serve as the algebra of truth values for fuzzy set theories of practical importance. In any case, they are of some mathematical interest.
The Subalgebra of Convex Normal Functions
One of the most important subalgebras is the subalgebra of normal convex functions. A equivalent condition for f being convex is that f = f L^f R . The normal functions form a subalgebra of M, as do the convex functions.
Theorem 4 [13, 19] The subalgebra L of functions that are both normal and convex is a De Morgan algebra. It contains I and I [2] , and as a lattice, it is maximal in M.
Proposition 2 The subalgebra L is characteristic in M, as are the subalgebras of normal and of convex functions.
It is natural to wonder whether or not L is complete as a lattice. Recently, it has been shown that this it is indeed complete, and a proof is in [8] . There are also some closely related subalgebras of M which are complete as lattices, for example, the normal convex upper semicontinuous functions. The latter algebra is a very special type of complete distributive lattice known as a continuous distributive lattice. In particular, it is a complete Heyting algebra. Again, the details are in [8] .
The Subalgebra of Subsets
The functions f in [0; 1]
[0;1] such that f (x) = 0 or f (x) = 1 are in natural one-to-one correspondence with the subsets of [0; 1]. The set S of such functions forms a subalgebra S = (S; t; u; ; 0; 1) of M. However, the operations t and u do not correspond to ordinary union and intersection, so the algebra is a bit mysterious. The nite subsets of S, that is, those functions that are 1 at only nitely many places is also a subalgebra. An automorphism of M takes a nite set into a nite set with the same number of elements. Both S and this subalgebra are characteristic subalgebras. The algebra S is studied in detail in [23] .
The Subalgebra of Points
This subalgebra consists of those functions that are non-zero at exactly one element of their domain, but can have any value in (0; 1] at that element. This subalgebra P is the subject of the paper [24] . It is a generalization of the truth value algebra of type-1 fuzzy sets|the subalgebra of points with value 1, and seems to be a reasonable candidate for applications. For a function in P, its support could be viewed as degree of membership, and its value as level of con dence. This generalizes type-1 fuzzy sets, where the \level of con dence" is always 1.
One feature of this subalgebra is that it can be realized as an algebra of pairs of elements from [0; 1] with simple pointwise operations, making its study much simpler, avoiding computations with convolutions of mappings. In [24] , it is shown that P is a characteristic subalgebra of M and its automorphism group is computed.
The Subalgebra of Intervals of Constant Height
This subalgebra consists of those functions from the unit interval into itself whose support is a nonempty closed interval and that are constant on that interval. It is the subject of the paper [25] . The elements of this subalgebra can be represented by triples of points from the unit interval|the two end points of the support interval and the constant value on that interval. The relevant operations turn out to be simple|not requiring computations with convolutions of mappings. This subalgebra is characteristic in M, and contains the subalgebras I, I [2] , and the subalgebra P of points. These facts and many more are detailed in [25] .
T-Norms on M
In type-1 fuzzy theory, t-norms play an important role. They are associative binary operations on [0; 1] that are monotone increasing in each variable and have an identity, and they have been thoroughly studied and used. These can be extended to the algebra M by taking the convolution N of a t-norm 4 on [0,1], that is, by de ning (f N g) (x) = sup ff (y)^g(z) : y 4 z = xg Such an operation has many desirable properties, and t-norms of this type are studied in some detail in [19] . We mention a few facts that seem to be of some interest. Suppose that the t-norm 4 is continuous. Another fact is that N restricted to the copy of I [2] in M induces a tnorm on I
[2] as we de ned t-norms there [3] , in particular, they distribute over the meet and join of I [2] . This is not at all obvious, and was a bit of a surprise.
Proposition 4 The mapping (a; b) ! a
L^b R is an isomorphism from the algebra ([0; 1] The subalgebra L of normal convex functions is turning out to be of some importance, and the following proposition could be useful. It proof was furnished to us by Professor Vladik Kreinovich, and appears in [18] .
Proposition 5 If f and g are in L and the t-norm 4 is continuous, then f N g is in L.
Finite Type-2 Fuzzy Sets
The basic algebraic properties of M depend principally on the fact that [0; 1] is a complete chain, so this algebra lends itself to various generalizations. One special case is where each of the two copies of [0; 1] is replaced by a nite chain, say of lengths m and n. This yields a nite algebra F(m n ) with basically the same algebraic properties (possibly generating the same variety) as M. Again, the normal convex functions form a De Morgan algebra, and a basic question is where do these special De Morgan algebras t into the world of all nite De Morgan algebras? These De Morgan algebras are characterized as those whose poset of join irreducible elements has a particularly simple structure. This leads to the determination of the automorphism groups of these algebras. Our basic tool is an alternate representation of these algebras, making their operations much more intuitive, and avoiding technical computations with convolutions. The details are in [22] . Type-2 fuzzy sets with F(m n ) as the algebra of truth values are called the grid method of discretisation in [6] , where they give e cient algorithms for computing type-2 joins and meets based essentially on the formulas in Theorem 1.
The algebra F(m n ) can actually be realized as a subalgebra of M, and its subalgebra of convex normal functions as a subalgebra of L. For example, take X = n 0; The isomorphism M ap(S; M ap(A; B)) M ap (S A; B) says that fuzzy subsets of S of type-2 may be viewed as type-1 fuzzy subsets of S A, i.e., every type-2 fuzzy set can be viewed as a type-1 fuzzy set by changing the universe. Similar interpretations can be made for the other expressions. It should be noted that fsg comes outside as a product. Now let f 2 M ap(S A; B), and for a 2 A, let f a be the restriction of f to S fag. Then f a = f((s; a) ; f (s; a)) : s 2 Sg is a type-1 set, and, viewing f 2 M ap(S; M ap(A; B)), the maps f and f a have essentially the same universe S. But f = S a2A f a , so a type-2 fuzzy set is the union of type-1 fuzzy sets with essentially the same universe.
In [12] Mendel and John state a representation theorem for nite type-2 fuzzy sets in terms of type-1 fuzzy sets. They make the following de nition. 
Conclusions
The notion of type-2 fuzzy sets leads to many interesting theoretical results. Many of these same results are also found in some form in applications of type-2 fuzzy sets. But some of these results are di cult to ferret out, and we have endeavored in various papers to give a precise mathematical treatment of them, using standard mathematical notation. We hope this will be of bene t to both theoreticians and those applying fuzzy set theory. In the meantime, we will continue our e ort to understand the mathematical underpinnings of the various applications.
